A 2-D axial symmetric time-dependant mathematical model was developed to investigate conditions for onset of under-deposit corrosion. A model for corrosion in fluids containing dissolved oxygen is presented. The presence of anodic and cathodic regions was not assumed a priori, but was rather the result of numerical simulations, which revealed galvanic coupling caused by the differential aeration cells. In contrast to models presented in the literature, the conservation equation for each ionic species was employed in this work rather than Laplace's equation. The model included coupled, nonlinear, convective diffusion equations for ionic species, which included the contribution of migration; local electroneutrality; homogeneous reactions; formation of primary precipitates; and anodic and cathodic reactions written explicitly in terms of local concentration and potential driving forces. are based on fundamental theories, but the assumption of pre-defined anodic and cathodic regions introduces errors in the predicted corrosion rate. As a step in the development of a model for under-deposit corrosion, models for two geometries were developed in this work. The first is a droplet of water on a metal surface surrounded by air, i.e., the Evans drop experiment. 7, 8 Models for atmospheric corrosion often use a similar droplet geometry, but in addition to accounting for electrochemical reactions, such models generally must account for evaporation and condensation, 9 diurnal cycles, and surface-tension driven motion of the droplet air interface.
Under-deposit corrosion is a type of localized corrosion that can lead to a catastrophic consequence in the gas and oil industry. CORMED, 1 Norsok, 1 and deWaards 2 built empirical and semiempirical models that can provide accurate interpolation prediction for corrosion rate; however, more complicated correction factors are required to account for situations where extrapolation or prediction fails. Mechanistic models developed by Gray, 3 Nesic, 4 ,5 and Anderko 6 are based on fundamental theories, but the assumption of pre-defined anodic and cathodic regions introduces errors in the predicted corrosion rate. As a step in the development of a model for under-deposit corrosion, models for two geometries were developed in this work. The first is a droplet of water on a metal surface surrounded by air, i.e., the Evans drop experiment. 7, 8 Models for atmospheric corrosion often use a similar droplet geometry, but in addition to accounting for electrochemical reactions, such models generally must account for evaporation and condensation, 9 diurnal cycles, and surface-tension driven motion of the droplet air interface. 10 ,11 Muto and Sugimoto described an environment model to simulate the corrosion behavior of Type 304 stainless steel in a subtropical marine environment in Okinawa. 12 Venkatraman et al. 13 describe a model for corrosion under a droplet that accounts for effects of parameters such as exchange current densities, initial concentrations, shape and size of the droplet, diffusivity of oxygen and ionic species, and potential and current distributions. As compared to these other models for atmospheric corrosion, the present model employed a fixed droplet size, accounting for transient diffusion of oxygen from the air-water interface. The presence of anodic and cathodic regions was determined by local potential distribution caused by the formation of differential aeration cells, and the location of the anodic and cathodic regions was not assumed a priori, but was instead the result of the numerical simulation. The active-passive transition for the anodic reaction was also was not assumed a priori, but was instead obtained from coupling of hypothesized surface and homogeneous reactions.
The second geometry, representing a semi-spheroidal solid deposit surrounded by water under turbulent flow, was developed to explore the coupling between the deposit in which diffusion was constrained and the surrounding area where diffusion was enhanced by turbulent flow. This model is intended to provide a framework for addressing coupled heterogeneous and homogeneous reactions in systems subject to corrosion. While the present system assumes an aerated electrolyte in which oxygen reduction plays a significant role, future work will explore the role of systems more relevant to the oil and gas industry, such as HCO 
Mathematical Model Development
The model development can be classified into three categories: electrochemical reactions, conservation equations and chemical reactions, and formation and influence of precipitates.
Electrochemical reactions.-The cathodic reaction was assumed to be the reduction of oxygen
The corresponding current density can be expressed as
where β O 2 is the Tafel slope for the oxygen reduction reaction and K 0,O 2 is a rate constant with units of A m/mol. The current density i O 2 is a function of both the local potential driving force ( m − 0 ) and the concentration of oxygen at the electrode surface c O 2 (0). Since iron is a major component in pipeline steel, the anodic reaction was assumed to be iron dissolution, given by 14, 15 Fe → Fe 2+ + 2e
The anodic reaction showing the active to passive transition was assumed to be the consequence of the formation of corrosion products. In the absence of films associated with corrosion products, the kinetic current density i k was given by
where K 0,Fe is a rate constant with units of A/m 2 . Passivation was included in the kinetic expression by allowing the fractional surface coverage of corrosion products γ to weight the contributions of the passive and active current densities. Thus, [5] where i p,Fe is the value of the passive current density. The value of γ was determined from the reactions considered in the model.
Conservation equations and chemical reactions.-
The model accounted for conservation of ionic species and dissolved oxygen, i.e.,
Journal of The Electrochemical Society, 161 (6) C321-C329 (2014) where R i is the net rate of production of species i by homogeneous reactions. The homogeneous rate R i can be expressed as [ 7 ] where r and θ are radial and angular coordinates in a spherical coordinate system, k f and k b are respectively the rate constants for forward and backward reactions, and c r and c p are the concentrations for reactants and products, respectively. The homogeneous reactions considered in the present model included the dissociation of water and formation of the ferrous hydroxide precipitates. The rate of the water dissociation reaction
was expressed by
where K w is the dissociation constant for water. The formation of the ferrous hydroxide precipitates was assumed to follow
The reaction rate was expressed as 2 is the solubility-product constant.
Under the assumption that convection can be neglected, the concentration of dissolved oxygen inside the deposit followed
The flux of species i was expressed by
Within the deposit, convection term was not employed; whereas, outside the deposit, diffusion was assumed to be enhanced by turbulent flow, as is described later. The potential distribution was assumed to be governed by
Equation 14 reverts to Laplace's equation under assumption of a uniform conductivity and in the absence of concentration gradients. The geometry comprising two concentric quarter-ellipses was used to represent the deposits surrounded by a bulk solution. The covered area was treated as a porous medium, and the effective diffusion coefficient of species D i,covered was expressed by the Bruggeman approximation 16, 17 
where is the porosity. In the bulk region, the eddy diffusivity term D
i was used to account for the influence of turbulence on mass transfer. 18, 19 [16] The corresponding expressions for the eddy diffusivity are
where A 1 and A 2 are constants, ν is the kinematic viscosity and z + = √ τ 0 ρ/ν is the dimensionless distance from the metal surface, where ρ is the density of the fluid. The wall shear stress τ 0 was assigned a value of 0.16 Pa in this work and is below the critical value such that the initiation of localized corrosion at carbon steel is independent of flow under CO 2 corrosion condition.
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Influence and formation of precipitates.-The relationship between current density and charged species is given by
At the metal surface, i.e., θ = 90
• , the fluxes of Fe 2+ and OH − can be written as [19] and
The surface coverage (γ) is the ratio of the apparent surface area of deposited precipitates to the surface area of metal surface and can be expressed as [21] where V mesh and A mesh are the volume and surface area, respectively, of the finite element mesh directly above the metal surface, ρ s is the density of precipitated Fe(OH) 2 , M Fe(OH) 2 is the molecular weight of Fe(OH) 2 , and θ s is the thickness of a monolayer deposit. Equation 21 provides for a local value of surface coverage, and a value of γ greater than unity corresponds to a deposit that is thicker than a monolayer. The surface coverage was employed to calculate the passive current density associated with the formation of Fe(OH) 2 . For the less protective corrosion product case, the anodic current density was modified following
where K po,Fe , the rate constant for iron dissolution at the metalprecipitate interface, is smaller than K 0,Fe for iron dissolution at the metal surface. For the protective corrosion product case, the anodic current density was modified following
where i po,Fe , the potential-independent corrosion current density for the passivated electrode covered with a protective deposit, is extremely small as compared to the corrosion current of the bare metal surface. A similar approach was employed for the oxygen reduction reaction with the exception that the reaction on the passive layer surface was assumed to be less inhibited to account for the semiconductive nature of the precipitates. Thus, the oxygen reduction could still occur on the precipitates even when the iron dissolution was passivated. The
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[24] where K oxide,O 2 is the rate constant for oxygen reduction at precipitatesolution interface.
The ferrous hydroxide can react with hydroxide ions to produce ferric hydroxide. The net reaction can be written as
The current density was expressed as
The formation of Fe(OH) 3 did not contribute significantly to the value of fractional surface coverage γ.
Numerical Method
A Finite-Element Method (FEM, COMSOL Multiphysics, http://www.comsol.com) was used to solve the time-dependent equations governing this system, posed in spherical coordinates, e.g., r, θ, and φ. Under the assumption of axial symmetry, a one-quarter-ellipse geometry was used to represent a water droplet placed on the metal surface as shown in Figure 1a . A geometry consisting of two concentric quarter-ellipses was used to represent solid deposits surrounded by electrolyte, as is shown in Figure 1b .
The mesh used for the FEM simulation was nonuniform with a tighter spacing of nodes at the electrode surface and at the boundaries. The mesh size was selected to be sufficiently small that decreasing the mesh size further did not change the simulation results. The time step t = 1 s was selected such that the simulations for transient diffusion in spherical and slab geometries gave results that were in good agreement with analytic solutions. In addition, simulations were performed for the present system with values of 0.1, 1, 10, and 100 s for t to ensure that the results reported were independent of the value used for t ≤ 1.
For the water droplet problem, the water-air interface was assumed to be equilibrated with air at all times, such that the the concentration of dissolved oxygen was c O 2 = 0.284 mol/m 3 . For both Evans drop and predefined deposit models, the initial concentration of dissolved oxygen was assumed to be c O 2 = 0.284 mol/m 3 , the value corresponding to equilibration with air. The initial concentrations of ionic species were c NO [27] to be 9.3 × 10 −3 S/m, a value between drinking water and seawater. The parameters used in the calculations are presented in Table I .
For the Evans Drop model, the boundary condition at the electrode was that the solution was electrically neutral, the fluxes of ferrous and hydroxide ions were given by equations 19 and 20, respectively, and the fluxes of other ionic species were equal to zero. The initial condition at the surface was that the electrode was uncovered by films, i.e., γ = 0. With the exception of dissolved oxygen, the flux of all species normal to the water=air interface was set to zero. A counter electrode was placed at the top of the droplet where the value of potential could be specified. Calculations were performed at applied potentials and at the corrosion potential (open-circuit). For calculations at open-circuit, an iterative solution at each time set was performed in which the integrated current along the electrode surface was set equal to zero. The equations solved are nonlinear, and a Newton Raphson convergence was achieved at each time step.
For the Deposit model, the boundary condition at the electrode was that the solution was electrically neutral, the fluxes of ferrous and hydroxide ions were given by equations 19 and 20, respectively, and the fluxes of other ionic species were equal to zero. The initial condition at the surface was that the electrode was uncovered by films, i.e., γ = 0. Continuity of flux, concentration, and potential was imposed at the solid-electrolyte interface, and open boundary conditions were employed at the outer ellipse to ensure that the outer boundary did not influence the results. Thus, under the assumption that the curvature of the pipe may be neglected, the model could be envisioned as pertaining to a deposit inside a pipe, as is represented in Figure 2 . As potential was obtained by electroneutrality and conservation equations, the results did not require assumption of a fixed solution conductivity. The conductivity was allowed to vary in accordance with the variation of concentration of ionic species, and the potential was influenced by formation of diffusion potentials.
Simulation Results
The corrosion rate was found to be strongly dependent on the presence and properties of surface films and associated chemical and electrochemical reactions. In the present work, iron was used as the reacting species as it is the principle material used in gas and oil pipelines. Iron, chromium, nickel, titanium and their alloys also demonstrate active-passive transitions, which in this paper was assumed to be the consequence of the presence of the corrosion products. Under certain conditions, the surface under the drop can experience both active and passive behavior. To explore simultaneous active and passive behavior, parameters were chosen to allow the open-circuit potential distribution on the metal surface to encompass the region between passive and active behavior. For the one-quarter-ellipse geometry (see Evans Drop in Table I ), the shift of passivated area can be illustrated by changes of the total current density. The local pH differences can only be observed when Fe(OH) 2 reacts further with OH − to form Fe(OH) 3 . The two-concentric-quarter-ellipse geometry (see Deposit in Table I ) was used to evaluate under-deposit corrosion and the influences of both the formation of precipitates and the surrounding turbulent flow. 24, 25 The results are presented in terms of two sets of calculations. The parameters marked Less Active in Table I lead to a corrosion product that still allows iron dissolution and oxygen reduction reaction; whereas, the parameters marked Passive in Table I lead to a corrosion product that strongly inhibits anodic reaction. The results were used to study the influence of the protectiveness and properties of precipitates.
Active-passive transitions.-Calculated local anodic and cathodic current densities are shown in Figure 3 as functions of electrode potential for the deposit model at a position r = 0. The anodic reaction shows an active-passive transition in which the active corrosion is replaced by passive behavior as the electrode potential increases. The resulting surface-averaged current, corresponding to the electrode area under the predefined deposit, is presented in Figure 4 as individual points corresponding to each applied potential. The passivation condition calculated for more anodic potentials represents a dynamic balance between the passive current and oxygen reduction, which, as shown in Figure 4 occasionally became negative. The current presented is that averaged over electrode area under the predefined deposit, and the negative current was balanced by anodic current on the uncovered area. A similar negative current on passivated surfaces at the open-circuit or corrosion potential was seen only when balanced by an anodic current on a different portion of the electrode.
The role of film formation passivation is evident in Figure 5 in which distributions of current density (Figure 5a ) and surface coverage (Figure 5b ) are presented at different times for the Evans Drop model. These simulations were performed such that the system was at the corrosion potential and the net current, integrated over the electrode surface, was equal to zero. At short times, due to the greater accessibility of oxygen, the cathodic reaction dominated at the periphery of the droplet. Ferrous ions are produced by the anodic reaction and react with hydroxide ions produced by the cathodic reaction to form ferrous hydroxides. Fe(OH) 2 further reacts with the excess OH − to form Fe(OH) 3 , which is an insoluble iron hydroxide complex and could slowly dehydrate to form rust. The Pourbaix diagram presented in Figure 6 shows that Fe(OH) 3 is the major precipitate under the given conditions. As shown in Figure 7 , a slightly alkaline region is seen at the periphery due to predominance of the cathodic reaction in that region; whereas, the center shows slight acidity as the consequence of the formation of precipitates. The formation of Fe(OH) 3 can be indicated by the surface coverage which is shown in Figure 5b . As time increases, the surface coverage exceeded the full coverage value, i.e., γ = 1, starting from the periphery and extending to the center until the surface was all covered with precipitates. The anodic reaction was inhibited by the formation of Fe(OH) 3 reaction was still active. The active-passive transition was, therefore, a consequence of the formation of precipitates.
Less-Protective Precipitates (Fe(O H) 2
).-In this calculation, the passivation was assumed to result from the less-protective precipitates, Fe(OH) 2 . Fe(OH) 3 accumulates on top of Fe(OH) 2 and, therefore, does not play a part in passivation.
The influence of turbulent flow for the Deposit model can be observed in Figure 8a . At t = 92 s, the concentration of oxygen at the electrode surface approached zero. At times t > 92 s, the transport of oxygen to the reacting surface in the region with turbulent flow was greater than in the covered region. As a consequence, the cathodic reaction was favorable in the surrounding area, while the anodic reaction dominated in the center. The shift from active to passive behavior was observed as the result of the deposition of precipitates, as is shown in Figure 8b .
The corresponding changes of potential distribution are presented in Figure 9 . The maximum potential difference of 0.1 V was obtained when the outer region was completely covered with precipitates (t = 96 s). The precipitates continued to accumulate on the metal surface, and the corrosion remained active under the predefined covered region as a result of the differential oxygenation cell driven by the surrounding turbulent flow.
The stability of films in the exposure of iron to aerated water at room temperature may be influenced by the solubility of ferrous hydroxide. As the film grew and reduced the rate of corrosion, the slight thinning at r = 1 mm. For this condition, the anodic reaction occurred near the intersection of predefined porous medium and bulk solution.
Protective Precipitates (Fe(O H) 3 ).-Ferrous hydroxides can react further with the excess OH − , producing the secondary precipitates, ferric hydroxides. Ferrous hydroxide was assumed to be in the form of a colloidal gel that did not passivate the metal surface. Only ferric hydroxide was assumed to shield completely the active metal surface. The cathodic reaction was preferred in the surrounding area, while the anodic reaction was favored in the center, as shown in Figure 11 . As a consequence of protective precipitates, the corrosion rate decreased after the metal surface was fully-covered.
However, for the protective case, the influence of solubility product value is not significant. When the secondary precipitates (Fe(OH) 3 ) is the source of passivation, the change of solubility product only affected the time frame for building up deposits, as shown in Figure 12 .
Influence of Uncovered Region.-The ratio of the radius covered by the deposits to the outer bulk solution region radius (r s /r b ) was studied since it could be an influential factor for the initiation of pitting. Deposit to open area ratios of 1:1, 1:2, 1:3, 1:4, 1:14, and 1:39 were investigated. The maximum potential drop was obtained for r s /r b = 4. As illustrated in Figure 13 , for r s /r b = 1, 2, and 4, the potential variation depended strongly on r s /r b . A large potential variation at large values of r s /r b as shown in Figure 13 may result in pitting and, thus, under-deposit corrosion.
Conclusions
This work provides a framework to study interactions among chemical reactions, electrochemical reactions, deposition of films, and transport. While the emphasis of the present work is on systems containing dissolved oxygen, a similar approach will be applied for more complex systems containing dissolved CO 2 and H 2 S. Some unique features of the present work are that concentrations of species were obtained from solution of conservation equations, conditions for localized corrosion and galvanic effects were seen to result from the formation of precipitates, and the locations of regions associated with anodic and cathodic behaviors were not assumed a priori, but were instead obtained as a consequence of the calculations. The active-passive transition was treated as a result of deposition of films composing of corrosion products. The precipitate formation model can illustrate the importance of each property in the system, i.e., the protectiveness of film, the solubility product, and the ratio of the covered and uncovered region. Differential concentration cells were shown to be formed in both the Evans drop model and the model of a deposit in a pipe with turbulent flow. The differences of the diffusion behaviors in adjacent areas created two distinct environments and caused galvanic coupling.
